COMMUTING ELEMENTS IN CENTRAL PRODUCTS OF SPECIAL 

UNITARY GROUPS 



ALEJANDRO ADEM*, FREDERICK R. COHEN**, AND JOSE MANUEL GOMEZ 

Abstract. In this paper the space of commuting elements in the central product Gm.p 
of m copies of the special unitary group SU {jp) is studied, where p is a prime number. In 
particular, a computation for the number of path connected components of these spaces is 
given and the geometry of the moduh space Rep(Z",Gm,p) of flat principal Gm^p-bundles 
over the n-torus is completely described for all values of n, m and p. 



Let G be a compact Lie group. The space of homomorphisms Hom(Z", G) can be identified 
with the space of commuting n-tuples in G, topologized as a subspace of the cartesian product 
G". The quotient Hom(Z", G)/G under the conjugation action by G is the moduh space of 
isomorphism classes of flat principal G-bundles over the n-torus In the past few years 

there has been an increasing interest in understanding these spaces, especially in computing 
their number of connected components and their cohomology groups as they naturally appear 
in a number of quantum field theories such as Yang-Mills and Chern-Simons theories. 

In [6] the space of commuting elements in a Lie group G was analyzed by considering 
the space of almost commuting elements in the universal cover of G. In particular it was 
shown that Rep(Z",G) := Hom(Z"', is determined by the geometry of G and explicit 
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formulations were given for n = 2 and n = 3; indeed the main focus there was to describe 
the associated moduh spaces of bundles over x and x x 

On the other hand, in [1] the spaces Hom(Z", G) were studied from a homotopical point 
of view. In particular, it was shown that if G is a closed subgroup of GL{n, C), then there 
exists a natural homotopy equivalence after a single suspension 



where Sr{G) C Hom(Z'',G') is the subspace of r-tuples (xi, ...,Xr) G Hom(Z'",G) for which 
at least one of the Xi equals 1g- In p], the authors show that a similar decomposition to ([1]) 
also holds for the space of almost commuting elements in a compact Lie group G and that 
the corresponding map 6„ is actually a G-equivariant homotopy equivalence thus affording 
a stable decomposition for the associated spaces of representations. 

Based on these stable homotopy equivalences it seems natural to explore situations where 
the geometric description of the moduli spaces associated to commuting pairs and triples 
provided in [B], can be extended to arbitrary commuting n-tuples. In particular it can be 
seen that if the maximal abelian subgroups in G are path connected, then all of the spaces 
Hom(Z", G) are path connected. However, if the fundamental group of G has p-torsion, 
then it is known (see [5], page 139) that there is a subgroup Z/p x Z/p C G which is not 
contained in a torus and so the spaces of commuting n-tuples cannot be path-connected. 
Thus it is natural to consider examples where 7ri(G) = Z/p. 

In this paper the spaces of the form Hom(Z", Gm,p) are studied, where 



is an m-fold central product of SU{p), for a prime p. Thus these are natural examples of 
compact Lie groups having a fundamental group of prime order. The study of almost com- 
muting elements in SU{p)"^ provides a way to compute the number of connected components 
of Hom(Z", Gm,p)- In addition, the structure of the components can be exphcitly described. 
The following theorem summarizes these results: 

Theorem 1.1. For n > 1 and p a prime number, the space Hom{Z"',Gm,p) has 



connected components. The connected component containing is a quotient of, and 

has the same rational cohomology as, 



(1) 




G 



{SU{pr)/{A{Z/p)) 
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whereas all the other connected components are homeomorphic to 



{su{p)r/{{z/pr-' X E, 



where Ep C SU (p) is the quaternion group Qs of order eight when p = 2 and the extraspecial 
p-group of order p^ and exponent p when p > 2. 

In particular, when m = 1 this shows that the space Hom(Z"', Pf/(p)) of commuting 
n-tuples in PU{p) has 

iV(n,l,p) = ^^ ^i^^ ^ + 1 

— 1 

connected components. Moreover, all of these components but one are homeomorphic to 
SU{p)/Ep, where Ep is the extraspecial p-group of order p^ mentioned above. When p = 2, 
there is a homeomorphism PU{2) = 5*0(3) and this result agrees with a computation given 
in [7j. The situation for a general integer r is much more complicated, but for pairs of 
commuting elements the following can be established: 

Proposition 1.2. The space Hom{l? ^ PU {r)) has r-connected components. Of these (f{r) 
are homeomorphic to PU{r)/{'L/rY , where (p denotes the Euler phi function. 

Taking a quotient by the conjugation action of Gn,p yields the following description of the 
moduli space of isomorphism classes of flat principal G^.p^bundles over an ?7,-torus: 

Theorem 1.3. 

Rep{Z\G^,p) ^ ((§i)(P-i)™7(Sp)'") UX„,^,p. 
where Xn^m.p is a finite set with N{n,m,p) — 1 points. 

As can be expected, these quotient spaces are much simpler than the spaces of homomor- 
phisms lying above them, which can contain interesting geometric information which is lost 
modulo conjugation; suffice it to say that for n = 1 this is the difference between the group 
Gm,p and its quotient under conjugation T/W where T C Gm,p is a maximal torus with 
Weyl group W. Also, it's worth noting that the components which do not correspond to the 
identity element deserve special attention, as they are somewhat exotic. 

It also seems relevant to point out that the central products considered here arise as 
subgroups of some of the exceptional Lie groups. For example 

G2,2 C G2, G2,3 C F4, G2,5 C Eg, G3,3 C Eg 

and they give rise to subgroups of the form (Z/p)'^ which are not contained in the maximal 
tori, thus explaining the torsion in the cohomology of the classifying spaces of these excep- 
tional groups (see [5], pages 153-154) even though they are simply connected. It would seem 
that the results here could be applied to provide information about Rep(Z", G), where G is 
one of these groups. 
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Notation: From now on, for a prime number p, Ep denotes tlie quaternion group Qg of 
order eight when p = 2 and the extraspecial p-group of order p^ and exponent p when p > 2. 
Note that this group can be identified with the p-Sylow subgroup of SL2,(¥p)). Also, given 
an integer m > 1, 

G^,p := (SUipD/iMZ/p)), 
here A{Zi/p) is seen as a subgroup of SU{p)"^ by considering the diagonal mapQ 

Aiz/p) ^ {z/pr = z{su{pr). 

Thus Gm,p is the m-fold central product of SU{p). 

2. Almost commuting elements 

In this section the definition of almost commuting elements is given. The space of i^'-almost 
commuting elements in a Lie group G can be used to understand the space Hom(Z'^, G/K) 
for a closed subgroup K C Z{G). This point of view is similar to the general idea of studying 
a given topological space X by understanding different covering spaces p : X ^ X over X. 

Definition 2.1. Take G a Lie group and K C Z{G) a closed subgroup. An n-tuple x : = 
G G" is said to be a i^-almost commuting n-tuple if & K C Z{G) for 

every I < i, j < n. 

The motivation for considering almost commuting elements is as follows. Consider the 
space Hom(Z", H), where H can be written in the from H = G/K, for a Lie group G and 
a closed subgroup K C Z{G). In this case, the natural map f : G ^ G/K is both a 
homomorphism and a principal ii"-bundle. If x = (xi,...,Xn) is a sequence of elements in 
G/K that commute, then for any lifting Xi of Xi the commutator ^ K G Z{G) and 

the space of all such sequences can be used to study the Hom(Z"', G/K). 

More generally, let F„ be the free group on n-letters. For each g > 1, let denote the 
g-stage of the descending central series for The groups F^ are defined inductively by 
setting F^ = F„ and F«+^ = [F'', F„]. As in [3], let 

B„{q,G) :=Hom(F„/F'',G'). 

In [3], it is shown that the spaces -B„(g, G) form simplicial spaces and can be used to obtain 
a filtration 

5(2, G) C 5(3, G) C ■ • • C 5(g, G) <Z ■ ■ ■ B{oo, G) = BG. 

The spaces B{q, G) have many interesting features and a lot of work needs to be done to 
fully understand them. The following is an immediate generalization of the spaces B{q,G). 

Definition 2.2. Given a compact Lie group, K G Z{G) a closed subgroup and g > 1 define 
Bn{q, G , K) = {f : Fn ^ G \ f is a. homomorphism and /(F'') C K}. 

^The center of a group G will be denoted by Z{G) 
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The set -B„(g, G, K) can be regarded as a topological space by identifying it naturally with 
a subspace of G". The following simple lemma is proved in [2]. 

Lemma 2.3. Let G be a Lie group, K C Z{G) is a closed subgroup and q > 1. Then the 
restriction of the map /" : (G/K)"' to Bn{q,G, K) defines a G-equivariant principal 

K"" ^ Hom{FjT'^,K'') -bundle 

: 5„(g, G, K) ^ Hom{FjT'^, G/K). 

When q = 2, Bn{2, G, K) is precisely the space of i^'-almost commuting elements in G and 
thus the restriction of /" gives a G-equivariant principal Hom(Z", K) = /^"-bundle 

: 5„(2, G, K) Hom(Z", G/K). 

Following [6], the spaces Bn{2,G, K) can in general be decomposed as follows. Take x = 
{xi, ...,Xn) a i^'-almost commuting n-tuple in G and let dij = [xi,Xj] G K for 1 < i, j < n. 
The elements dij are such that da = 1 and d^j = dj^, thus the matrix D = (dij) is an 
antisymmetric matrix with entries in C Z{G) and the assignment x i— »• dij{x) is continuous. 
Consider ttq : K ^ T^oiK) the map that identifies the connected components of elements in 
K. If G = {cij) = {7To{dij)), then G is an antisymmetric matrix with entries in tto{K). 

Definition 2.4. Define T{n,iTo{K)) to be the set of all n x n antisymmetric matrices G = 
(cij) with entries in hq^K). Given G G T{n,'7io{K)) define 

yieG(G) = {(xi,...,x„) e G" I no{[xi,Xj]) = Cij}, 

the set of almost commuting sequences in G with associated matrix G and give ACg{C) the 
subspace topology of G"". 

Each ACg{C) is (a possibly empty) open and closed subspace of G"", hence a union of 
connected components of Bn{2, G, K) and by definition 

Bn{2,G,K)= y AGGiC). 

C&T{n,-Ko{K)) 

In addition, the conjugation action of G on G", restricts to an action of G on each yiCG(G). 
As in [6] denote the orbit space of yiCG(G) under this action by 

Mg(G) := AQg{C)/G. 

Let Hom(Z", G/K)c be the image oi AQg{C) under Then each Hom(Z'^, G/K)c is both 
open and closed in Hom(Z", G/i^) and thus a union of connected components. Also the 
restriction of /" defines a principal i^^-bundle 

AGg{C) Hom(Z", G/K)c 
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and there is a decomposition 

(2) Hom(Z", G/K) = \_\ Hom(Z", G/K)c. 

CeT{n,7To(K)) 

The previous decomposition is a good way to detect connected components for spaces of the 
form Hom(Z",G/i^) and this is used to compute the number of connected components of 
Hom(Z", Gjn,p) in the next section. 



3. Commuting elements in Gm,p 

In this section the space of commuting elements in Gm,p is studied. This is done by 
considering the fC-almost commuting elements in SU{pY"' where K = A(Z/p) = Z/p is 
the diagonal subgroup of the center of SU{p)"^. In this case, there is a covering space / : 
SU (p)"^ —>■ SU (p)™/A(Z/p) with covering group A(Z/p) and by studying almost commuting 
elements in SU{p)'^, properties of Hom(Z", SU{p)'^/ A{Z/p)) are derived. In particular, the 
number of connected components is computed. The main goal of this section is to prove the 
following theorem. 



Theorem 3.1. For n > 1 and p a prime number, the space Hom{Z"',Gm,p) has 

- - 1) 
N{n,m,p) = h 1 

— 1 

connected components. The connected component containing (!,...,!) is a quotient of, and 
has the same rational cohomology as, 

{G^,,/{^T^-^~^) (§i)-(f-i)" 
and all the other connected components are homeomorphic to 

su{pr/{{z/pr-' X E,), 

where Ep is the quaternion group Qs of order eight whenp — 2 and the extraspecial p -group 
of order p^ and exponent p when p > 2. 



Remark: A particular case of the previous theorem occurs when m = 1. In this case, 
Gi^p — PU{p) and according to the theorem Hom(Z'*, PU{p)) has 

iv(..i.p)= '^°-y;'-^ +i 

— 1 

connected components. Moreover, 

(p" - - 1) 

p2-l 
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of these components are homeomorphic to SU{p)/Ep. On the other hand, the number x„ 
of connected components of Hom(Z", 5*0(3)) that do not contain the element (1, 1) was 
computed in |7j, where it was shown that 



If An 
6 



(4" - 3 X 2" + 2) if n is even. 



Xr. 



2,(4"-! - 1) - 2"-i + 1 if n is odd. 



3' 

Note that in Theorem 13.11 the case p = 2 and m = 1 corresponds to 

Gi,2 = SU{2)/{Z/2) = PU{2) = S0{3) 

which is precisely the situation already studied [7]. It is easy to verify that 

_ (2" - l)(2"-i - 1) 
Xn - - 

and thus the two approaches give the same answer. Moreover in [7] it was also shown that 
each connected component that does not contain (1, 1) is homeomorphic to S^/Qs which 
is precisely SU{2)/ E2. 

The proof of Theorem 13.11 will take the rest of this section. If Gm,p = SU{p)'^, then there 
is a covering space 

with covering group A(Z/p). According to ([2]) there is a decomposition 

(3) Hom(Z",G„,p) = □ Hom(Z",G^,p)c, 

CGT(n,A{Z/p)) 

where each IIom(Z", Gm,p)c fits into a covering space sequence 

(A(Z/p))" ^ AQa^JC) Hom(Z^G^,,)c. 

From now on Ci will denote the trivial matrix whose entries are all equal to 1. For this 
particular matrix, 

yie^_(Ci) = Hom(Z",5f/(p)-) 
and this space fits into a covering space sequence 

(4) (A(Z/p))" ^ Hom(Z-, SUipD ^ Hom(Z", G„,p)c,. 
Notice that 

Hom(Z", 5f/(p)™) ^ (Hom(Z",5?7(p)))"^ 

and the space Hom(Z", ^[/(p)) is connected by [H Corollary 2.4]. Thus Hom(Z", Gm,p)ci 
also connected as it is the image of the connected space IIom(Z"', SU{p)'^) under a continuous 
function and 

(5) Hom(Z", G^,,)c, = Hom(Z", 5[/(p)™)/(A(Z/p))". 
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On the other hand, if G is a compact connected Lie group G and T is a maximal torus for 
G, the conjugation action of G induces a continuous surjection 

(6) 0„ : G X T" ^ Hom(Z", G')(i,...,i) 

(7) (g, h, tn) ^ {ghg^^, gtng"^), 

where Hom(Z"', i) denotes the connected component containing the n-tuple (1,...,1) 

in Hom(Z",G). Note that N[T) acts on G x diagonally and that (pn is invariant under 
this action. Therefore 0„ descends to a map 

^n-.G/TxwT^ = G X;v(T) T" ^ Hom(Z^ G)(i,...,i), 

where the W is the Weyl group. In fact G x jv(t) T"" is a nonsingular real algebraic variety 
and (pn is a resolution of singularities for Hom(Z", G)(i_..._i) as was pointed out in |4j. Thus 
in general Hom(Z", G)(i_...^i) is a quotient of G/T T". Moreover, by [U Theorem 4.3] 
given a field F of characteristic relatively prime to \ W\, the map (pn induces an isomorphism 

(8) i/*(Hom(Z", G)(i„„,i); F) = H*{G/T x T"; F)^. 

For the case of G = G^.p, a maximal torus T is homeomorphic to (§1)™(p~i) and W = (Sp)™. 
It follows that 

Hom(Z",G™,p)(i,...,i) = Hom(Z", G^,p)ci 

is a quotient of 
and that 

i7*(Hom(Z",G^,p)(i„..,i);F) -iJ*((G^,p/(§i)'"(f-i)) x (§i)™(p-i)n; f)^^'')'". 

for every field F with characteristic not dividing p\. 

Now consider the different spaces Hom(Z", Gm,p)c for G 7^ Gi; recall that each space 
Hom(Z", Gm^p)(7 is a union of connected components of Hom(Z"', G^.p)- In this case, these 
components will be shown to be homeomorphic to {SU (p)™) / ((Z/p)"^~^ x Ep). The following 
notation will be used. Given an element c G A(Z/p), G(c) denotes the 2x2 antisymmetric 
matrix with entries in A(Z/p) defined by = = 1 G A(Z/p) and = c^i = c. 
Theorem 13. II will be proved by considering first the case n = 2. The following lemma which 
follows by [6, Proposition 4.1.1] is used to handle this case. 

Lemma 3.2. Let c G Z{SU{p)) — {1}. Then there is a pair {xo,yo) of elements in SU{p) 
with [xo,yo] = c. Moreover, the pair {xo,yo) is unique up to conjugation and if {x,y) is any 
such pair then Zsu{p){x,y) = Z{SU{p)). 

The following proposition is then proved using the previous lemma. 
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Proposition 3.3. The space Hom{7? ^Gm,p) has p connected components. One of these 
components is Hom{Z'^,Gmp)ci o.'iT'd the rest of the components are all homeomorphic to 

suipr/{{z/pr-'xE,). ' 

Proof: This proposition will be proved by studying the different spaces AGsu{p)^{C), where 
C is a general matrix in T(2,A(Z/p)). Such a matrix is of the form C = C{c) for some 
c e A{Z/p). When c = 1 the space Aesu{p)^{C{l)) equals B.om{Z'^ , SU (p)"") which is 
connected. Thus suppose that c ^ 1. Since c G A(Z/p), it is of the form c = (c, ...,c) for 
c G Z/p = Z{SU{p)) with c 7^ 1. Fix a pair of elements Xo^Uo in SU{p) with [xo,yo] = c. 
The existence of such pair is guaranteed by Lemma \^72[ Take {x,y) G ACsu(p)"^{C{c)) an 
almost commuting pair in SU{p)"^ of type C(c). This means that 

X = (xi, Xm) and y = (yi, ...,ym) 

where Xi and yi are elements in SU{p) satisfying [xj, = c for all 1 < i < m. As it was 
pointed out before, the group SU{p)"^ acts by conjugation on each AGsu{p)"^{C{c)) and by 
Lemma [3.21 this action is transitive, this means that there is a continuous surjective map 

SUipr AQsuipMCic)) 

where 

X = {giXogi^, ...,gmXogm) and y = (fi'iz/ofi'rS ■■■,gmyogm)- 

In particular, AGsu(p)"^{C{c)) is connected and 

AGsuipriCic)) = SU{pr/SU{p)f^^^^ ), 

where x = (xo, ••.,Xo), y = {yo, ■■■,yo) and SU{p)7l is the isotropy subgroup of SU{p)^ at 
{x^,yj- Also Zsu{p){xo,yo) = Z{SU{p)) by Lemma [3l2] and this implies 

su{p)T^^,y^) = z{su{pr) = {cr = wvr 

and therefore 

AQsuipAC{c)) = SU{pr/ {cr. 
On the other hand, there is a covering space sequence 
(9) (A(Z/p))2 ^ AQsu{p)r^{C{c)) ^ Hom(Z2, G'„,p)c(,). 

In particular Hom(Z^, G'm,p)c(c) is connected and 

Hom(Z2,G™,p)c(c) = AQsu[p)AC{c))l{A{Z/p)f. 

The map (A(Z/p))^ — yiC5(7(p)m(C(c)) in (I9l) corresponds to the left multiplication action 
of (A(Z/p))2 on AQsu{pr{C{c)). Under the identification AQsu(p)AC{c)) = SU{pr/{c), 
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this corresponds to 

(A(z/p))2 ^ suipr/ {cr 
(c^c^■)^[(x>r,•••,^o2/o"1], 

This is true because 

It follows then that RomiZ"^, Gm,p)c(c) = SU{p)'^/Kp, where Kp C SUip)"" is the subgroup 
generated by Z{SU{p)"^), = (xq, ..■,Xo) and y = {i/o, ■■■,yo)- By [6, Proposition 4.1.1] the 
subgroup generated by Xo and yo in SU{p)/ (c) is isomorphic to (Z/p)^ and by [6, Corollary 
4.1.2] Xo and yo have order 4 and x1 = y1 = c ii p = 2 and order p if p > 2. Thus, when 
p = 2 the subgroup Ep of SU{2) generated by c, Xo and ?/o has the presentation 

E2 := {x, y \ x"^ = y'^ = l,x'^ = y^, yxy'^ = x] 

and thus E2 = Q%. When p > 2, the subgroup Ep of SU{p) generated by c, Xo and ?/o has 
the presentation 

Ep = {x, y , c \ x^ = = d' = 1, xc = cx, yc = cy, xy = cyx} 

and this is easily seen to be the extraspecial p-group Sylp{SL3{¥p)). The group Kp fits into 
a central extension 

l^(Z/pr-'^Kp^(^c,x,,y^), 

where the map (Z/p)™~^ Kp is as follows. Let ui, ...,Um-i be elements in the ¥p vector 
space Z{SU (p)™) = (Z/p)™ such that Ui, c form a basis. Then the i-th generator of 

(Z/p)™""^ is sent to Ui for 1 < i < m — 1. The previous central extension splits, (^c,x^,y^ = 

Ep and therefore Kp = (Z/p)™"^ x Ep. To finish the proposition, note that 

Hom(Z^Gm,p)= y Hom(Z^ Gm,p)c(c) 

cGA(Z/p) 

and there are precisely p elements c G A(Z/p). Therefore 

Hom(Z2, G^^p) = Hom(Z2, ^f/(p)™)/(A(Z/p))2 U Sf/(p)™/((Z/p)— ^ x i^;^) j . 

□ 

It follows from the previous proposition that N{2,p) = p. Moreover, from the previous 
proof it follows that the conjugation action of Gm,p is transitive on each of the components. 
To study the general situation, the case n = 3 will also be needed. Once this case is dealt 
with, the general case will be proved by induction on n. 
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The case n = 3 is once again handled by studying the different spaces AGsu{p)"^{C) for 
C e T{3,Z{SU{p))) - {Ci}. To begin consider C e T(3,A(Z/p)) - {Ci} the following 
particular matrix 



(10) C 



1 c 1 
1 1 
1 1 1 



where c = (c, ...,c) and c 7^ 1. Note that a triple {x,y,z) of elements in SUij))"^ belongs 
to AQsu(p)^{C) if and only if = c and Zi G Zsu(p){.Xi,yi) for all i. By Lemma IX^ 

Zsuip){xi,yi) = Z{SU{p)) and thus 

(11) A<^su^^ip){C) = AQsuipAC{c)) X {Z{SU{p))r, 

where C(c) is as before. From the covering space sequence (jl]) 

Hom(Z3,G„,p)c = AQsu^priC)/{H'^/p)f 

= AQsu^,riC{c))/{/\{'L/p)f X {Z{SU{p))r/^{Z/p) 
= 5f/(p)"/((Z/p)'"~i X Ep) X (Z/p)'"-^ 

In particular, Hom(Z^, G'm,p)c has connected components all homeomorphic to 

su{pr/{{z/pr-' X E,). 

This completely describes Hom(Z^, Gm,p)c for C* as in ( fTOl) . Note that in this case, the 
conjugation action of Gm,p is again transitive on each of the components of Hom(Z^, Gm,p)c- 
Now, to understand the different Hom(Z^, Gm,p)c for a general C G T(3,A(Z/p)) — {Ci} 
the following general construction will be used (see [6], Section 9]). 

Take G a Lie group , K C Z{G) a closed subgroup and M = {rriij) an n x n matrix with 
integer entries. For each C G T{n, 71q{K)) define D = iPm{C) G T(n, tiq^K)) to be the nxn 
antisymmetric matrix with coefficients 



dij = Y[ 

l<r,s<n 

The matrix M defines a continuous map 

: AQaiC) ^ AedD) 
(xi, ...,x„) {yi, ...,yn) 

where for 1 <i <n 
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Moreover, ipM descends to a map ipM '■ Hom(Z", G')c — >■ Hom(Z",G)£) and there is a com- 
mutative diagram 

AQg{C) ^-^^AQa{D) 

r r 

Hom(Z", G)c Hom(Z", G)d. 

V'A/ 

If the matrix M is in GL{n, Z), then the map ipM is a homeomorphism and the pair {ipM, V'm) 
is an isomorphism of covering spaces. 

The previous construction is then used for the particular case of m = 1 to prove the 
following lemma that determines the structure of the commuting elements in Gm,p for n > 3. 

Lemma 3.4. Suppose that x = (xi, ...,Xm) and y = {yi, ■■■,ym) are elements in SU{p)"^ that 
almost commute with c := [x,y] = (c, ...,c) G A(Z/p) for c ^ 1. Take z G SU{p)™' with 
[^I, [yiz\ G A(Z/p). Write [x, z] = and {y.,z\ = & for integers < a,b < p. Then there 
is an element w = (wi, ...,Wm) G Z(SU{p)"^) such that z = wxfy''; that is, Zi = WiXly\ for 
all i. 



Proof: Take x, ?/ and z_ as above. Then for every i, the triple {xi,yi,Zi) is an almost 
commuting triple with {xi,yi,Zi) G ACsu{p){D), where 



D 



Consider the matrix 



M 



Ice" 
c-^ 1 c" 
c"^ c"'* 1 



1 a 
1 h 
1 



Clearly M G GL{3, Z) and if C G T(3, Z/p) is the antisymmetric matrix defined by 





1 c 


1 


c = 


c-i 1 


1 




1 1 


1 



then as explained before M induces a homeomorphism 

ipM ■ AGsu{p){C) Aesuip){D) 
{x,y,z) (x^y^x^yh). 
Since G is of the type already discussed, by ( ITTl) with m = 1 it follows that 

Aesu(p){C)=Aesuip){C{c)) X Z{SU{p)), 
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where C(c) as before. Note that [xi, = c 7^ 1 and by Lemma [32] all such pairs are conjugate 
in SU{p). Therefore, every element in AGsu(p){C) is of the form {gxig~^, gyig~^, w) for some 
g G SU (p) and some w G Z{SU{p)). In particular, since ipM is surjective there are gi G SU{p) 
and Wi G Z{SU{p)) such that 

{xi, yi, Zi) = i)M{giXigi^,giyg~^, Wi); 

that is, 

{xi,yi,Zi) = {giXig-^ , giytg-^ , gi{wix'}y-)gr^). 
This means that giXi = xtgt and giyi = yigi, gi G Zsu{p){xi,yi) = Z{SU{p)), therefore 

Zi = WiXiy- 

and the result follows. □ 

Suppose now that D G T(3, A(Z/p)) is not trivial; that is, dij 7^ 1 for some i and j. The 
following corollary is obtained from the previous lemma, this result is precisely [21 Lemma 
9.03] in our context. 

Lemma 3.5. Suppose that D G T(3, A(Z/p)) is not trivial. Then there exists M G GL{3, Z) 
such that D = iPm{C), where C = (cjj), C13 = C23 = 1 and Cu 1. 

By the previous discussion, if D G T(3,A(Z/p)) is any nontrivial 3x3 antisymmetric 
matrix with entries in A(Z/p) there are matrices M G GL{?).,'L) and C G T(3, Z(S'f/(p))) 
as in the previous lemma. Then ipM and ipM are homeomorphisms that fit in the following 
commutative diagram of covering spaces 

^^su(p)^{C) — — — ^ AQsu(p)'^{D) 



73 



3 



Hom(Z3, G'™,p)c Hom(Z3, G^^^)^. 
In particular, 

RomiZ^ Gm,p)D = Hom(Z",G„,p)c = [SU{pr /{{Z/pr-' x E,)] x (Z/p)™"^ 

and each Hom(Z^, Gm.p)D has p"*"^ connected components. Since there are p^ — 1 nontrivial 
elements in T(3, A(Z/p)), this shows that in total there are 

A^(3, m, p) = - 1) + 1 = p"^+2 _ pm-i + 1, 

connected components for Hom(Z^, G„i,p). This proves the following proposition which is 
the case n = 3 of Theorem 13.11 
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Proposition 3.6. The space Hom{l? ,Gm,p) has p^^"^ ~ ^ + 1 connected components. All 
the connected components different from Hom{T? ,Gm,p)ci ^''^^ homeomorphic to 



suipr/iiz/pr-' X E, 



The final step is the proof of Theorem I3.1[ 



Proof of Theorem 13.11 Fix p a prime number. The proof of the theorem goes by induction 
on n. For n = 1 the theorem is trivial and for n = 2 and 3 the theorem follows by 
the Propositions 13.31 and 13.61 Assume then that n > 3. To determine the value of each 
N{n,m,p) it will be shown that the different N{n,m,p)^s satisfy the recurrence equation 

N{n, m, p) = p'^-^N^n - 1, m, p) + p™{"-2)+n-l _ pm(n-2) _ ^m-l ^ ^_ 

Once this is proved, by induction it follows that 

(m-l)(n-2)/ n _ 1 _ 1A 

iV(n, m, p) = ^ )_ + i_ 

By (j3]) the space Hom(Z", G^p) is a disjoint union of the different Hom(Z", G^, ,p)(7, where 
C runs through the elements in T{n, A{Z.p)). The different possibilities for elements C G 
T{n, ACIa/p)) are considered next. 

• Case 1. Suppose that C = Ci E T(n, A(Z/p)) is the trivial matrix whose entries are 
all equal to 1. In this case the space Hom(Z"', Gm,p)ci is connected as was pointed out before. 

• Case 2. Suppose that C G T{n, A{Z/p)) — {Ci} is such that = 1 for all i. Because 
C is not trivial there exist 2 < i,j < n such that c^^ ^ 1. Take {x-^, ...,ai„) G AQsu{p)"^{.C). 
Since ^ = 1, it follows that that x-^ commutes with Xj for all i. Also, [aij,^^] G A{Z/p) — 
{1} and thus Xi G Zsu{p)"^{Xi,2Lj) = Z^SU^p)"^) by Lemma [3l2l Therefore (x^, G 
Z{SU{p)"') X AQsu{p){C), where C is the {n — 1) x {n — 1) matrix obtained from C by 
deleting the first row and column from C. In this case 

Hom(Z^G^,p)c = {ZiSUipD x yie5c/(p)".(G))/(A(Z/p))" 
^ (Z/p)™/(A(Z/p)) X Hom(Z"-\G™,p)^ 
^(Z/pr-ixHom(Z"-\G„,p)^. 
By induction each connected component of Hom(Z", Gm,p)c is homeomorphic to 

su{pr/{{z/pr-' X E,) 

with Gm,p acting transitively by conjugation. In addition, each matrix G of the type consid- 
ered in this case determines and is uniquely determined by the corresponding G which is non 
trivial. It follows that there are p"^~^{N{n — 1, m,p) — 1) connected components associated 
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to this case. 



• Case 3. Suppose that C G T{n, A{Z/p)) is such that c^j 7^ 1 for some i. Then 
2 < i < n as — 1. Let i be the smallest i with c^^j 7^ 1 and let c — G A(Z/p) 
and take (x^, a;„) G /lCs(/(p)'"(C')- For each 2 < k < n with k ^ i consider the triple 
(X]^, Xj, Xfc). This is an almost commuting triple with 

u = \x, , = c''* and c, 



c 7^ 1. By Lemma I3.4[ if 
XjjXj^.] = (f'' for integers < ak,hk < p, then there exist 



Wj^ G Z{SU{p)"^) such that = Wj^xl'^x"'' for all fc. Note that the integers and 6^ 
are uniquely determined by the condition < ak,bk < p and these are in turn uniquely 
determined by Cj^^jCj^. It follows that the n-tuple {xi,...,x^) is uniquely determined by 



,c^f^G A(Z/p) and Wj^ G Z{SU{p)'^) for k Moreover, if as before C(c) is 



the 2x2 matrix 



then the map 



C(c) 



1 c 
1 



^:yie5c/(pr(c(c)) X (z(5f/(p)™)) 



m\\n—2 



is a homeomorphism where 



.2) 



^ 1 



if A; = 1, 
if = i, 
if A; 7^ l,i 



The map ip is S'f/(p)'"-equivariant, with SU{p)"^ acting by conjugation. By passing to the 
quotient of the respective (A(Z/p))"' actions, it follows that ip induces a homeomorphism 

Hom(Z2,G„,p)c(c) X (Z/p)(™-i)("-2) ^ Hom(Z",G„,p)c. 

By the case n = 2, each connected component of Hom(Z", Gm,p)c is of the desired type 
and there are such components associated to C. It also follows that Gm,p acts 

transitively on each of these components. Moreover, C is uniquely determined by c = 7^ 
1, Qij^ for i + 1 < k < n and Cj^ for 2 < k < n and k ^ i. Thus there are in total 
p(m~i)(n-2)j^p _ ]^-jp2n-i-2 (different components associated to such C with ^ 1. Letting 
2 < i < n vary, a total number of 



i=2 



{m-l){n-2)^p _ ^^p2n-i-2 



P 



connected components is obtained for this case. 
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By adding the contributions from case 1, case 2 and case 3 the recurrence equation 
N{n,m,p) = l+p™-^(A^(n-l,m,p)-l)+p™("-2)(pn-i_^) 

is obtained as claimed. □ 

4. Commuting elements in Gm,p modulo conjugation 

In this section the space Rep(Z", Gm,p) of commuting elements in an m-fold central product 
of SU{p) modulo conjugation is studied. In this case the situation simplifies dramatically 
and a complete description is given. 

To begin, note that if G is a connected Lie group, then the quotient map 

Hom(Z",G) ^ Rep(Z",G) 

induces a bijection 

7ro(Hom(Z",G)) 7ro(Rep(Z", G)). 

In particular, by Theorem 13. II the space Rep(Z", Gm,p) has N{n, m,p) connected components, 
thus it is only necessary to describe the nature of these components. 

In general, if G is a compact, connected, simple and simply connected Lie group, then 
the spaces Rep(Z"',G) are determined by the geometry of G as was shown in More 
precisely, fix T C G a maximal torus of G and take A a set of simple roots for the root 
system $ associated to G and T. Given an almost commuting n-tuple x = (xi, ...,a;„) in 
Mg(G) = yiCc (G)/G, there exists a unique subset / C A such that a the maximal torus of 
Zg{xi, ...,Xn) is conjugate to Sj, where Sj is the torus in G whose Lie algebra is 

tj ■= p|Ker(a). 

Moreover, the subset / = I{x) is locally constant on Bn{2,G, Z{G))/G. For each antisym- 
metric matrix G with entries in Z{G), let M^(G) be the subspace of Mg(G) whose elements 
are the n-tuples x for which I{x) = I. By P[ Theorem 2.3.1], there is a homeomorphism 

(12) M^(G) - (57 x^. Ml{C))/{W{Sj,G)). 

Here Lj = [Z{Si), Z{Si)] is the derived group, Fi = LiH Si is a finite subgroup of the center 
of Lj, M°^(G) is the subspace of Mlj-(G) of n-tuples x for which Zg{x) has rank and 
W{Si, G) is the Weyl group of the torus 5*/. Therefore, the space Rep(Z", G) is a disjoint 
union of spaces of the form [Sf Xpp Ml^{C))/{W{Si, G)). 

On the other hand, if G is a compact connected Lie group, the map (pn defined in ([6]) 
0„ : G X;v(T) T" = G/T xw T" ^ Hom(Z", G)(i,...,i) 
{gT,ti,...,tn) ^ {gtig~^,...,gtng~^) 
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is G-equivariant, where G acts by left multiplication on the G factor of G x T" and by 
conjugation of Hom(Z", i). On level of orbit spaces, 0„ induces a homeomorphism 

(13) ryw ^ Hom(Z", G')(i,..„i)/G' = Rep(Z", G')(i,..„i). 

As it was shown before, for the case of G = Gm,p there is a decomposition 
Hom(Z^ G^,p) = y Hom(Z", Gm,p)c. 

C&T{nA{'^/p)) 

Each Hom(Z", Gm,p)c is invariant under the action of Gm,p and thus we have a similar 
decomposition for the space Rep(Z", G^^p), namely 

Rep(Z", G^,p) = □ Rep(Z", G™,j,)c 

CGT(n,A(Z/p)) 

where Rep (Z", Gm,p)c = Hom(Z", Gm,p)c/G. For the trivial matrix G = Gi, using (fT3l) for 
G = Gm,p, then as T = (§1)(p-i)™ and W = (Sp)™, there is a homeomorphism 

Rep(Z",G„,p)c, = Rep(Z",G„,p)(i,...,i) = T^W - (§i)(P-i)^'"7(Sp)'". 

On the other hand, if G G T(?t,, A(Z/p)) is an antisymmetric matrix different from Gi, then 
in Theorem 13.11 it was proved that Hom(Z"', Gm,p)c is a union of connected components all 
homeomorphic to S't/(p)'^/(Z/p'"~^ x Ep) and that Gm,p acts transitively on them. In other 
words, each connected component of Hom(Z", Gm,p)c represents a point in Rep(Z'^, Gm,p). 
This proves the following theorem. 

Theorem 4.1. Let p be a prime number and m>l. Then Rep{Z'^,Gm,p) has 

N{n, m, p) = ^ )_ + 1 

p'^ — 1 

connected components and 

Rep{Z^,G^,p) ^ ((§^)(P-^)"^7(Sp)"^) UX„,„,p. 
where Xn,m,p is a finite set with N{n,m,p) — 1 points. 

The component of the identity can be described more explicitly as follows. Sp acts on 
^gi-jp-i ^Yie Weyl group of a maximal torus in SU{p). Then the product (Sp)"^ acts on 
the product (§^)*^p~^)™, and therefore diagonally on the product (§1)(p~i)'"". For example, if 
p = 2, the action of on is simply given as a product of the complex conjugation 

action, and this is extended to a diagonal action on ((§^)™)". 
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5. Commuting elements in PU{r) 

In section |3] it was shown that Hom(Z", Gm.p) has N{n,m,p) connected components of 
which N{n,m,p) — 1 are homeomorphic to SU {p)"^ / {{Ij / p)^~^ x Ep). In particular, when 
m = 1, this shows that Hom(Z'*, PU{p)) has 

(pn_l)(pn-l_l) 
p2- 1 

components of which 

(p" - - 1) 

— 1 

are homeomorphic to SU{p)/Ep = PU{p)/{'Z/p)'^. In this section the case of commuting 
elements in PU{r) is considered when r is not assumed to be a prime number. 

In general the space Hom(Z", Pf/(r)) can also be studied by the considering the almost 
commuting elements in SU (r) . As before there is a covering space sequence 

(Z/r)" ^ Bn{2, SU{r), Z/r) ^ Hom(Z", PU{r)) 

and there is a decomposition into subspaces that are both open and closed 

S„(2, SU{r), Z/r) = |J Aesu(r){C). 

CeT{n,Z/r) 

In the case that r is not prime, the situation is more complicated. For example when n = 2, 
the conjugation action of SU{r) on AGsu{r){.C{c)) is not longer transitive, unless c is a 
generator of the the cyclic group Z/r. Therefore the space Hom(Z"', 5'[/(r)) has in general 
more connected components that have orbifold singularities. In particular, for n = 2 there 
is the following proposition. 

Proposition 5.1. The space Ho'm{l? , PU {r)) has r-connected components. Of these ip{r) 
are homeomorphic to Pf/(r)/(Z/r)^. 

Proof: As before, the space -62(2, SU{r), Z/r) can be decomposed as follows 

B2{2,SU{r),Z/r)= \_\ Aesuir){C{c)), 

ceZ/r 

where C(c) is the 2x2 antisymmetric matrix with C12 = c^/ = c. Since SU{r) is a simple, 
connected and simple connected Lie group, then as a consequence of [HI Corollary 4.2.2] each 
ACsuir){.C{c)) is connected. Therefore from the covering space sequence 

(Z/r)2 ^ ^2(2, SU{r), Z/r) ^ Hom(Z^ PU{r)) 
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it follows that Hom(Z^, Pf/(r)) contains r connected components. Moreover, for each gen- 
erator c of Z{SU{r)) = Z/r the action of SU{r) on AGsu{r)iC{c)) is transitive with isotropy 
equal to Z{SU{r)) by [6l Proposition 4.1.1]. Thus 

Aesuir){Cic)) = SU{r)/Z{SU{r)) = PU{r) 

and 

Hom(Z2, Pt/(r))c(e) = AQsu{r){C{c)) / {Z/rf = PU{r)/{Z/rf 

and there are ^{r) such components as this exactly the number of generators in the cyclic 
group Z/r. □ 

In general the connected components of Hom(Z^, Pf/(r)) associated with c G Z{SU{r)) 
not a generator have orbifold singularities. For example, if r = pq, where p and q are different 
prime numbers, then the map 

su{py su{pq) 

{Ai,...,A,) 
induces a map 

G,,, = SU{pY/{A{Z/p)) PU{pq) 
which by composition induces a continuous function 

Hom(Z2,G',,p) Hom(Z^P[/(pg)). 

On the level of ttq, the induced map is an injection 

7rp,g : 7ro(Hom(Z2,Gg,p)) tiq{)1ouv{I? , PU{pq))). 
Similarly, there is an injection 

7r,,p : 7ro(Hom(Z2,G,,p)) ^ 7ro(Hom(Z2, P[/(pg))). 

The components in the image of these maps correspond precisely to the connected compo- 
nents of the form Hom(Z^, SU{pq))c(c) for c & Z/r not a generator. 
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